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Solving an inverse pro lem means making inferences a out physical systems
from data. hese inferences are ased on mathematical representations of the
systems e call these representations models. Functionals of the models rep
resent o serva le properties of the system. For example, the mass density as a
function of space in the Earth, the depth of the continents, the radius of the
core mantle oundary.

In formulating inverse pro lems, and interpreting inversion estimates, e
need to address the follo ing questions:

I. o accurately are the data kno n  hat is, hat does it mean to t
the data

II. o accurately is the physical system modeled Does the model include
all the physical e ects that contri ute signi cantly to the data

III. What is kno n a out the model efore the data are o served In other
ords, hat does it mean for a model to e reasona le

We address these questions y presenting methods that can e used to study
the performance of inversion estimates, and methods to include prior informa
tion in the inversion process. We start ith Section 2 to set the general frame

ork for the inverse pro lems that ill e considered. In Section 3 e present
t o di erent approaches y hich prior information can e included in geo
physical inverse calculations: Bayesian and frequentist. hese t o approaches
di er fundamentally in the means y hich pro a ility is introduced into the
calculation. hey also take fundamentally di erent approaches to the treatment
of o served data and prior information. Bayesians de ne pro a ilities on the
space of models (prior information is thus pro a ilistic) and condition on the
o served data. Frequentists assume a distri ution prior to o serving the data,

hich does not change once the data have een o served, and use deterministic
prior information. Usually pro a ility only enters the calculations via the data
errors, hich are assumed to have a random component.

he choice of prior pro a ility model in Bayesian inference is not al ays
clear even hen the prior information is ell de ned this is discussed in Section
4 and illustrated ith a toy pro lem in Section . he example sho s ho
representing deterministic constraints pro a ilistically may in ect information
into the calculation that is not strictly required y the constraint. his pro lem
is orse in high dimensional spaces. In Sections 7 e provide an example of an
inverse pro lems to illustrate some of the points raised in the note.
he message e hope to convey is that e can choose among a variety of

methods to o tain inversion estimates, ut e have to make sure that the un
certainty estimates e use are not arti cial. Whether one uses a frequentist or a
Bayesian approach, it is al aysimportant to e a are of the model assumptions



on hich estimates rely:  he choice of models is usually a more critical issue
than the di erences et een the results of various schools of formal inference
(Cox, 1981).

We summari e the notation that ill e used henceforth:

he space of models. It is a linear vector space, usually in nite
dimensional. For example, the set of square integra le functions on

he space of measurements. ypically , here is the num er of
0 servations.

D: Data random varia le, usually vector valued.

d : alues taken on y D, the data. Where there is no danger of
confusion e ill use D and d interchangea ly.

m : A model. In other ords, a representation of the unkno n
physical process.

E(), ar(): Expectation and variance operators.

An estimator of an unkno n model, m, (or a functional thereof) is a function,
m, of the data that is used to estimate the model. So, m(d) for any
d . he estimate given the data, d, is denoted as m(d), or ust as m, hen
the dependence on d is understood.

Models are usually parameteri ed so that estimating a model is equivalent to
estimating its corresponding parameters, m. But, clearly, the choice of o serv
a les and parameteri ation is not unique. For instance, in pro lems of elasticity

e may use the elastic sti ness tensor or the elastic compliance tensor. We can
use ave speed, or ave slo ness.

ene tte ento t e n e se o e

As the result of some experiment, a num er, , of data are collected. he data
are related to the physical models through the for ard modeling operator. his
operator is a function, , that maps models into data space. hat is, (m)

for any m . In practice the for ard operator is al ays an approximation.
In geophysics this is primarily ecause one cannot a ord to model the true
complexity of the Earth. Even if this ere possi le it might not e orth the
e ort given the instrument s resolution and noise level in the data. his ill e
discussed in detail in the note, ut for no it su ces to e a are that there is
an error associated ith using . et usrepresentit yan dimensional vector,



f. Finally, there ill ean dimensional vector of random measurement errors,
e. Assuming additive errors, the connection et een models and data can e
ritten as
d (m) e f

he goal is to estimate the model, m or a functional (m) , given a vector, d,
of measurements.
For example, suppose that the for ard operator, , is linear and that the
model is represented y an in nite sequence of coe cients, m , ith
respect to some orthonormal asis. We model the data as

d m e

Since ehavea nite amount of data e can really hope to estimate only nitely
many . Consider the vector containing the rst coe cients, m , and the
sequence, m containing the rest. We can rite our model as

d m m e

In this case e can consider the left over m as a systematic error, f. But,
note that since  maps an in nite dimensional space into a nite dimensional
one, the for ard operator has a non trivial kernel. So, even in the a sence of
measurement and modeling errors the for ard operator illnot einverti le and
the set of models that predict the data equally ell may e quite large. his in
itself may not eapro lem,the pro lemis hen these equally predicting models
yield ildly di erent values for the model functional e ant to estimate. By
including prior information e attempt to constrain the range of feasi le models
and thus control the e ects of those null elements. his is illustrated ith an
example in Section 2.1. Also, even hen there is a unique solution, it may e
unsta le to small pertur ations in the data. In this case e may use some prior
information to sta ili e the solution.

We start ith a simple example to illustrate the e ects of noise and prior in
formation in the performance of an estimator. ater, in Section 4, e ill
introduce tools from statistical decision theory to study the performance of es
timators given di erent types of prior information.

Suppose e have noisy o servations of a smooth function, , at the equidis
tant points

() 1 (1)



here the errors, , are assumed to e (0 ). We ant to use these

o servations to estimate the derivative, . We de ne the estimator
() — ()
here is the distance et een consecutive points, and ( ) 2.

o measure the performance of the estimator (2) e use the mean square error
(MSE), hich is the sum of the variance and squared ias. he variance and
ias of (2) are

ar ()
Bias () E () ()
Oy ()
for some . We need some information on  to assess the si e of
the 1ias. et us assume that the second derivative is ounded on y
()

It then follo s that

Bias () () ) () )

for some et een and . As 0 the variance goes to in nity hile
the ias goesto ero. he MSEis ounded y
2 ) 2
— MSE ( ) ar ( ) Bias ( ) — (3)
It is clear that choosing the smallest possi le does not lead to the est estimate
the noise has to e taken into account. helo est upper oundiso tained ith
2 . he larger the variance of the noise, the ider the spacing
et een the points.
We have used a ound on the second derivative to ound the MSE. It is a
fact that some type of prior information, in addition to model (1), is required to
ound derivative uncertainties. ake any smooth function, , hich vanishes at
the points . hen, the function satis es the same model as
, yet their derivatives could e very di erent. For example, choose an integer,
, and de ne
2 ( )




By choosing  large enough, e can make the di erence, ( ) ( ), as
large as e ant ithout prior information the derivative can not e estimated
ith nite uncertainty.

eSs n n e ent sts et 0 SO ne
en e

here are t o fundamentally di erent meanings of the term pro a ility in
common usage (Scales  Snieder, 1997). If e toss a coin  times, here N is
large, and see roughly 2 heads, then e say the pro a ility of getting a head
in a given toss is a out 0 . his interpretation of pro a ility, ased on the
frequency of outcomes of random trails, is therefore called frequentist . On the
other hand it is common to hear statements such as: the pro a ility of rain
tomorro is 0 . Since this statement does not refer to the repeated outcome
of a random trial, it is not a frequentist use of the term pro a ility. Rather,
it conveys a statement of information (or lack thereof). his is the Bayesian
use of pro a ility . Both ideas seem natural to some degree, so it is perhaps
unfortunate that the same term is used to descri e them.

Bayesian inversion has gained considera le popularity in its application to
geophysical inverse pro lems. he philosophy of this procedure is as follo s.
Suppose one kno s something a out a model efore o serving the data. his
kno ledge is cast in a pro a ilistic form and is called the prior pro a ility
model (prior means efore the data have een o served.) Bayesian inversion
then provides a frame ork for com ining the pro a ilistic prior information

ith the information contained in the o served data in order to update the
prior information. he updated distri ution is the posterior conditional model
distri ution given the data it is hat e kno a out the model after e have
assimilated the data and the prior information. he point of using the data is
that the posterior information hopefully constrains the model more tightly than
the prior model distri ution.

o ever, the selection of a prior statistical model can in practice e some

hat shaky. For example, in a seismic survey e may have a fairly accurate idea
of the realistic ranges of seismic velocity and density, and perhaps even of the
vertical correlation length (if ore hole measurements are availa le). o ever,
the hori ontal length scale of the velocity and density variation is to a large
extent unkno n. Given this, ho can Bayesian inversion e so popular hen
our prior kno ledge is often so poor he reason for this is that in practice
the prior model is used to regulari e the posterior solution. ia a succession of



di erent calculations, the characteristics of the prior model are often tuned in
such a ay that the retrieved model has su ectively agreea le features. But
logically, the prior distri ution must e kno n a priori, in hich case it cannot
matter hether it regulari es the pro lem (Gouveia  Scales, 1997). So, the
practice of using the data to tune the prior suggests that the reason for the pop
ularity of Bayesian inversion ithin the Earth sciences is inconsistent ith the
underlying philosophy. A common attitude seems to e: If I hadnt elieved
it,I ouldn t have seen it.

Since Bayesian statistics relies completely on the speci cation of a prior
statistical model, the exi ility taken in using the prior model as a kno to tune
properties of the retrieved model is completely at odds ith the philosophy of
Bayesian inversion. One can, ho ever, use an approach to use
data to determine a prior distri ution. But having used the data to select a
prior, one has to correct the uncertainty estimates so as not to e overcon dent.

his correction is not usually done in geophysical Bayesian inversion.

here are t o important questions that have to e addressed in any Bayesian
inversion:

o do erepresent the prior information  his applies oth to the prior
model information and to the description of the data statistics.

o do e summari e the posterior information

he second question is the easiest one to ans er, at least in principle. It is
ust a matter of applying Bayes theorem to compute the posterior distri ution.
We then use this distri ution to study the statistics of di erent parameter es
timates. For example, e can nd credi le regions for the model parameters
given the data, or simply use posterior means as estimates and posterior stan
dard deviations as error ars. o ever,veryseldom ill e ea letocompute
all the posterior estimates analytically e often have to use computer intensive
approximations ased on Markov Chain Monte Carlo methods see for example,
anner (1993) . But still, a complete Bayesian analysis may e computationally
intracta le.
he rst question is a lot more di cult to ans er. A rst strategy is a
su ective Bayesian one: prior pro a ilities are designed to represent states
of mind, pre udices or prior experience. But, depending on the amount and
type of prior information, the choice of prior may or may not e clear. For
example, if an unkno n parameter, , must lie et een and ,isit usti ed
to assume that has a uniform prior distri ution on the interval We
ill address this question in an example elo , ut for no simply o serve that
there are in nitely many pro a ility distri utions consistent ith eing in
the interval . o pick one may e an over speci cation of the availa le



information. Even an apparently conservative approach, such as taking the
pro a ility distri ution that maximi es the entropy su ect to the constraint
that liesin the interval, may lead to pathologies in high dimensional pro lems.

his sho s ho di cult it may e to unam iguously select a prior statistical
model. One ay out of this dilemma is to sacri ce o ectivity and presume
that pro a ility lies in the eye of the eholder . Of course, this means that our
posterior pro a ility il e di erent from yours.

A second approach attempts to make a some hat more o ective choice
of priors y relying on theoretical considerations such as maximum entropy,
transformation invariance ( aynes invariant prior), etc. or y someho using
o servations to estimate a prior. his latter approach is the empirical Bayes
mentioned in Section 3. For example, suppose one is doing a gravity inversion to
estimate mass density in some reservoir. Suppose further that there are availa le
alarge num er of independent, identically distri uted la oratory measurements
of density for rocks taken from this reservoir (a igif ). hen one could use
the measurements to estimate a pro a ility distri ution for mass density that
could e used as a prior for the gravity inversion. his is the approach taken in
(Gouveia  Scales, 1998), here in situ ( ore hole) measurements are used to
derive an empirical prior for surface seismic data.

An empirical Bayes analysisis asically an approximation to a full

analysis ased on the oint pro a ility distri ution of all parameters

and availa le data. For an introduction to empirical and hierarchical Bayes

methods see, for example, Carlin ouis (199 ), Gelman et al. (1997) and

references therein. For a revie on the development of o ective priors see ass
Wasserman (199 ).

A third strategy is to a andon Bayes altogether and use only deterministic
prior information a out models: ave speed is positive (a matter of de nition)
velocity is less than the speed of light (a theoretical prediction) the Earth s mass
density is less than 2 g ¢m (a com ination of o servation and theory that is
highly certain). he inference pro lem is still statistical since random data
uncertainties are taken into account. Essentially the idea is to look at the set
of all models that t the data. hen perform surgery on this set, cutting a ay
those models that violate the deterministic criteria, e.g., have negative density.

he result ill e a (presuma ly smaller and more realistic) set of models that

t the data and satisfy the prior considerations. We choose any model that ts
the data to a desired level and satis es the prior model constraints. ikhonov s
regulari ation is one ay of o taining an inversion algorithm y restricting the
family of models that t the data for example, among all the models that t the
data, e choose one that has particular features, the smoothest, the shortest,
etc. e.g., Scales et al. (1990), Gouveia ~ Scales (1997) .



In the Bayesian paradigm, pro a ility distri utions are the fundamental tools.
Bayesians can speak of the pro a ility of a hypothesis given some evidence,
and are a le to conduct pre data and post data inferences. Frequentists, on the
other hand, are more concerned ith pre data inference and run into di culties

hen trying to give post data interpretations to their pre data formulation. In
other ords, uncertainty estimates, such as con dence sets, are ased on the
error distri ution, hich is assumed to e kno n a priori, and on hypothetical
repetitions of the data gathering process. o ever, see Goutis  Casella (199 )
for a discussion of frequentist post data inference.

We have seen that the choice of prior distri utionsisnot al ays ell de ned.
In this case it ould seem more reasona le to follo a frequentist approach.
But it may also happen that parameters are not ell de ned. For instance, is
the true mass of the earth a meaningful expression Perhaps, ut does the
de nition include the atmosphere If so, ho much of the atmosphere If not,
does it take into account that the mass is constantly changing (slightly) from,
for example, micrometeorites Even if you make the true mass of the Earth

ell de ned (it ill still e ar itrary to some extent), it can never e precisely
kno n any more than the temperature of an isolated gas can e.

So, hich approach is etter Bayesians are happy to point to some ell
kno n inconsistencies in the frequentist methodology and to di culties frequen
tists face to use availa le prior information. Some Bayesians even go as far as
claiming that anyone in her his right frame of mind should e a Bayesian. Fre
quentists, on the other hand, complain a out the sometimes su ective choice
of priors and a out the computational complexity of the Bayesian approach.
In real do n to earth data analysis e prefer to keep an open mind. Di erent
methods may e etter than others depending on the pro lem. Both schools of
inference have something to o er. For colorful discussions on the comparison of
the t o approaches see Efron (198 ) and indley (197 ). See also Ru in (1984)
for ays in hich frequentist methods can e used to complement Bayesian
inferences.

t eene oest e o) e

In a Bayesian calculation, hatever estimator e use depends on the prior and
conditional distri utions given the data. here is no clear esta lished procedure
to check ho much information a prior in ects into the posterior estimates. In
this example e ill compare the of the estimators.
o0 measure the performance of an estimator, m, of m e de ne the loss
function, (m m) isanon negative function hichis ero for the true model.
hat is, for any s , (ms) Oand (m m) 0. helossisa measure
of the cost of estimating the true model ith m hen it is actually m. For



example, a common loss function is the square error: (m m) (m m) .
But there are other choices like  norm error: (m m) m m

he loss, (m m), is a random varia le since m depends on the data. We
average over the data to o tain an average loss. his is called the of m
given the model m

isk: (mm) E (m m) (4)

here is the error pro a ility distri ution and E the expectation ith re
spect to this distri ution. For square error loss the risk is the usual mean square
error.

he expected loss depends on the chosen model. Some estimators may have
small risks for some models ut not for others. o compare estimators e need
a glo al measure that takes all plausi le models into account. A natural choice is
to take the expected value of the loss ith respect to the posterior distri ution,
(m d), of the model given the data. his is called the posterior risk

Posterior isk: E m m(d)

Alternatively e can take a eighted average of the risk (4) using the prior
model distri ution as eight function. his is the Bayesian risk

Bayes isk: E (m m)

here isthe prior model distri ution. An estimator ith the smallest Bayesian
risk is called a . Note that e have used a frequentist approach
to de ne the Bayes risk, since e have not conditioned on the o served data. It
does make sense, ho ever, to expect good frequentist ehavior if the Bayesian
approach is to e used repeatedly ith di erent data sets. In addition, it can

e sho n that, under very general conditions, minimi ing the Bayes risk is
equivalent to minimi ing the posterior risk (Berger, 198 ).

et denote the oint distri ution of models and data. he marginal of
ith respect to the data is o tained y integrating over the models

(d) (m d) m

From Bayes theorem, the conditional distri ution of m given d is
(dm) (m)
(d)
here (m), the prior distri ution, is the marginal of  ith respect to m. he

conditional distri ution, (m d),is the so called Bayesian posterior distri ution,
hich updates the prior information in vie of the data.

(m d)
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One can de ne a num er of reasona le estimators of m ased on (m d).
For example, the m that maximi es (m d) (or that is close, in pro a ility, to
m.) Or one could compute the estimator that gives the smallest Bayes risk for
a given prior and loss function. We have the follo ing theorem

heorem For square error loss function the Bayes estimator is the posterior
mean ehmann (1983), p.239 .

ere is a simple example of using a normal prior to estimate a normal mean.
Assume that there are o servations, ( ) d, hichare ( )
and that e ant to estimate the mean, , given that the prior, ,is ( ).
Up to a constant factor, the oint distri ution of and dis ehmann (1983),
p-243

1 1
@) ep 5 () ed 5( )
he posterior mean is

E( d) -

here d is the arithmetic mean of the data. he posterior variance is

ar( d
(4 :
Notice that the posterior variance is al ays reduced y the presence of a non ero
he posterior mean, hich is the Bayes estimator for square error loss, can

e ritten as

@ —F 4 1

We see that the Bayes estimator is a eighted average of the mean of the data
and the mean of the Bayesian prior distri ution the latter is the Bayes estimator

efore any data have een o served. he Bayes risk is the integral, over the
data, of the posterior variance of . Since the posterior variance does not depend
of d, the Bayes risk is ust the posterior variance. Note also that as 0,
increasingly strong prior information, the estimate converges to the prior mean.
As , increasingly eak prior information, the Bayes estimate converges
to the mean of the data. Also note that as the prior ecomes improper
(not normali a le).

It often happens that there is not enough information to choose a prior density
for the unkno n parameters, or that the information availa le is not easily

11



translated into a pro a ilistic statement yet e need a priorto e a le to apply
Bayes theorem. In this case e try to nd a noninformative , or conservative ,
prior that ill allo wus to conduct the Bayesian inference hile in ecting a
minimum of arti cial information that is, information hich is not usti ed y
the physical process.

We have de ned the Bayesrisk, , and the Bayes estimator for a given prior
density. It stands to reason that the more informative the prior the smaller its
associated risk e therefore say that a prior, , is if
for any other prior, . A least favora le prior is associated ith the greatest
unavoida le loss.

In the frequentist approach the greatest unavoida le loss is associated ith
the maximum of the risk (4) over all the possi le models. An estimator that
minimi es this maximum risk is called a estimator. Under certain
conditions the Bayes estimator corresponding to a least favora le prior actually
minimi es the maximum risk see ehmann (1983). his is true, for exam
ple, hen the Bayes estimator has a constant risk. In this sense e can think
of a least favora le prior as eing a route to the most conservative Bayesian
estimator.

o does one nd a conservative (noninformative) prior  here is no easy
ans er, even the terms conservative and noninformative are not ell de ned.
One possi ility is to de ne a measure of information (e.g., entropy) and deter
mine a prior hich minimi es maximi es this measure (e.g., maximum entropy).
We could also look for priors hich are invariant under some family of trans
formations. For more information on non informative priors see Box and iao
(1973) and ass Wasserman (199 ).

e (0] n e se 0O ¢

We consider a simple example of estimating the mean, , of a unit variance
normal distri ution, ( 1), ith an o servation, , from ( 1) given that
iskno nto e ounded y . Follo ing Stark (1997), e ill use this
as a model of an inverse pro lem ith a prior constraint. Without the prior
ound, is an estimator of  ut e hope to do etter (o tain a smaller risk)
y including the ound information. o can e include this information in
the estimation procedure One possi ility is to use a Bayesian approach and
assign a prior distri ution to hich is uniform on . We ill sho that
this distri ution in ects stronger information than might e evident.

Start ith an o servation, ,from ( 1)andsuppose ekno a priorithat
is ounded y . We incorporate the ound y assigningto a prior uniformly

12



distri uted on . he oint distri ution of and is then

1 1 1
() 3 TGXP 5( )
here () 1lfor in the interval and () Oother ise
ie., () 1for and ero other ise.

We reproduce Stark s (Stark, 1997) Monte Carlo calculation of the Bayes

risk for this pro lem. Figure 1 sho s the Bayes risk, using a uniform prior on

, and the minimax risk to e descri ed next. As the constraint eakens

( increases) the Bayes risk gets closer to 1. ( he dashed and dotted curves in
this gure ill e explained in the next section.)

We have used the uniform distri ution to soften (i.e., convert to a pro a ilistic
statement) the constraint . No e ant to measure the e ect of this
constraint softening. ave e included more information than e really had
Given the o servation, ,from ( 1)andkno ing that , hat is the
orst risk (mean square error) e may hope to achieve ith the possi le
estimator ithout imposing a prior distri ution on In other ords e ant
to compute the , (), given the ound

() min max E ()

( )isalo er ound for the maximum risk and an upper ound for the risk
of any other estimator. Although it is di cult to compute its exact value, it is
easy to see that () min 1 . In addition, Donoho et al. (1990) sho
that

4

— O)
Figure 1 sho s upper and lo er ounds for for the minimax risk as a function
of . Note that for 3 the Bayes risk is outside the minimax ounds. his

is an artifact of the ay e have softened the ound. In other ords, the

uniform prior distri ution in ects more information than the hard ound on

as udged y comparing the most pessimistic frequentist risk ith that of the

Bayesian estimator. It can also e sho nthat () 1 as . So, as the
ound eakens the Bayes and minimax risk oth approach 1.

oS n ens on es eC se
(o) enson ¢t

As e have ust seen, most pro a ility distri utions usually have more infor
mation than implied y a hard constraint. o say, for instance, that any model

13
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Figure 1: For square error loss, the Bayes risk associated ith a uniform prior is
sho n along ith the upper and lo er ounds on the minimax risk as a function
of the si e of the ounding interval . When is compara le to or less
than the variance (1 in this case), the risk associated ith a uniform prior is
optimistic
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ith m 1is feasi leis certainly not the same thing as saying that all models
ith m 1 are equally likely. And hile e could look for the most con
servative or least favora le such pro a ilistic assignment, Backus (1988) makes
an interesting argument against any such pro a ilistic replacement in high or
in nite dimensional model spaces. is point can e illustrated ith a simple
example. Suppose that all ekno a outan dimensional model vector, m, is

that its length, m , is less than some particular value unity for the sake of
de niteness. In other ords, suppose e kno a priori that m is constrained to
e ithin the dimensional unit all, . Backus considers various pro a ilis

tic replacements of this hard constraint this is called softening the constraint.
We could for example choose a prior pro a ility on m hich is uniform on

Namely, the pro a ility that m ill lie in some small volume, ,shall e
equal to divided y the volume of . Choosing this uniform prior on the
all, it is not di cult to sho that the expectation of for an  dimensional
m is
E -
() —

hich converges to 1 as  increases. Unfortunately, the variance of goes as
1 forlarge ,and thus e seem to have introduced a piece of information that
as not implied y the original constraint namely that for large , the only
likely vectors, m, ill have length equal to one. he reason for this apparently
strange ehavior has to do ith the ay volumes ehave in high dimensional
spaces. he volume, ( ), of the all in  dimensional space is

()

here is a constant that depends only on the diemension , not on the
radius. If e compute the volume, ,of an dimensional shell of thickness
ust inside an  diameter all e can see that

() C ) ( C )

here depends only on the dimension. No for 1 and 1 ehave

()1

his says that as gets large, nearly all of the volume of the all is compressed
into a thin shell ust inside the radius.

But even this o ection can e overcome ith adi erent choice of pro a ility
distri ution to soften the constraint. For example, choose to e uniformly
distri uted on 0 1 and choose the 1 spherical polar angles uniformly on
their respective domains. his pro a ility is uniform on m , ut non uniform
on the all. o ever it is consistent ith the constraint and has the property
that the mean and variance of is independent of the dimension of the space.



So, as Backus has said, e must e very careful in replacing a hard constraint
ith a pro a ility distri ution, especially in a high dimensional model space.
Apparently innocent choices may lead to unexpected ehavior.

e et es o e

We no present a simple example related to uestion I in Section 1. We use
a vertical seismic pro le ( SP used in exploration seismology to image the
Earth s near surface) experiment to illustrate ho a tted response depends on
the assumed noise level in the data. Figure 2 sho s the geometry of a SP. A
source of acoustic energy is at the surface near a vertical ore hole (left side).
A string of receivers is lo ered into a ore hole, recording the transit time of
the do n going acoustic pulse.  hese transit times are used to construct a

est tting model of the velocity, ( ), (or index of refraction) as a function
of depth.  here is no point in looking for lateral variations in  since the
rays propagate nearly vertically. If the Earth is not laterally invariant, this
assumption introduces a systematic error into the calculation.

For each o servation (and hence each ray) the for ard pro lem is

1

()

If the velocity model and the ray paths are kno n, then the travel time can e
computed y integrating the velocity along the ray path.
he goal is to someho estimate ( ), or some functional of it. Unless is
constant, the rays ill refract and therefore the domain of integration depends
on the unkno n velocity. his makes the inverse pro lem mildly nonlinear. We
ill neglect nonlinearity in the present example y assuming that the rays are
straight lines.
o ell a particular velocity model ts the data depends on ho accurately
the data are kno n. Roughly speaking, if the data are kno n very precisely e
ill have to ork hard to come up ith a model that ts them to a reasona le
degree. If the data are kno n only rather imprecisely, then e can t them
more easily. For example, in the extreme case of only noise, the mean of the
noise is a resona le t to the data.
As a simple synthetic example e constructed a piece ise constant ( )
ith 40 layers, and used 40 unkno n layers to perform the reconstruction. We
computed 78 synthetic travel times and contaminated them ith uncorrelated
Gaussian noise. he level of the noise doesn t matter for the present purposes
the point is that given an unkno n level of noise in the data, di erent assump
tions a out this noise ill lead to di erent kinds of reconstructions. With the
constant velocity layers, the system of for ard pro lems for all 78 rays reduces

to
t s ()
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Figure 2: Simple model of a vertical seismic pro le ( SP). A source is at the
surface of the Earth near a vertical ore hole (left side). A string of receivers is
lo ered into the ore hole, recording the transit time of a do n going compres

est tting model.

sional ave. hese transit times are used to construct a
refers to the velocity in discrete layers, assumed to e constant. We ill

ere
ignore the discreti ation error in this calculation.
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here s is the 40 dimensional vector of reciprocal layer velocity ( to
seismologists) and  is a matrix hose entry is the distance the th ray
travels in the th layer. See Bording (1987) for the details ehind this
tomography calculation. So, the data mapping, , is the inner product of the
matrix, , and the slo ness vector, s.
et ethe tho served travel time, (s)isthe th travel time calculated
through a given slo ness model s, and  is the standard deviation of the th
datum. If the true slo ness is s , then the follo ing model of the o served
travel times is assumed to hold

(s) (7)

here isanoise term ith eromean and variance . Our goal is to estimate
s . A standard approach to solve this pro lem is to determine slo ness values,
s, that make a mis t function such as

© L & ®

smaller than some tolerance. ere isthe num er of o servations, he sym ol

is often used to denote this sum ecause hen (7) holds and the noise is Gaus
sian and uncorrelated, (s ) is ust an average of independent  distri uted
varia les.

We have assumed that the num er of layers is kno n, 40 in this example, ut
this is usually not the case. Choosing too many layers may lead to an over tting
of the data. In other ords e end up tting noise induced structures. Using
an insu cient num er of layers ill not capture important features in the data.

here are tricks and methods to try to avoid over and under tting. In the
present example e do not have to orry since e ill e using simulated data.

o determine the slo ness values through (8) e have used a truncated S D
reconstruction, thro ing a ay all the eigenvectors in the generali ed inverse
approximation of s that are not required to t the data at the 1 level.

he resulting model is not unique, ut it is representative of models that do
not over t the data (to the assumed noise level).

We ill consider the pro lem of tting the data under t o di erent assump
tions a out the noise. Figure 3 sho s the o served and predicted data for
models that t the travel times on average to ithin 0.3 ms and 1.0 ms. Re
mem er, the actual pseudo random noise in the data is xed throughout, all e
are changing is our assumption a out the noise, hich is re ected in the data
mis t criterion.

We refer to these as the optimistic ( ) and pessimistic (
scenarios. ou can clearly see that the smaller the assumed noise level in the
data, the more the predicted data must follo the pattern of the o served data.
It takes a complicated model to predict complicated data  herefore, e should

18



expect the est tting model that produced the lo noise response to e more
complicated than the model that produced the high noise response. If the error
ars are large, then a simple model ill explain the data.

No let us look at the models that actually t the data to these di erent
noise levels these are sho nin Figure 4. It is clear that if the data uncertainty is
only 0.3 ms, then the model predicts (or requires) alo velocity one. o ever,
if the data errors are as much as 1 ms, then a very smooth response is enough
to t the data, in hich case alo velocity one is not required. In fact, for the
high noise case essentially a linear velocity increase ill t the data, hile for the
lo noise case a rather complicated model is required. (In oth cases, ecause
of the singularity of , the variances of the estimated parameters ecome very
large near the ottom of the orehole.)

opefully this example illustrates the importance of understanding the noise
distri ution to properly interpret inversion estimates. In this particular case,
e didn t simply pull these standard deviations out of hat. he lo value (0.3
ms) is  hat you happen to get if you assume that the only uncertainties in the
data are normally distri uted uctuations a out the running mean of the travel
times. o ever, keep in mind that nature doesn t really kno a out travel
times. ravel times are approximations to the true properties (i.e., nite and
idth) of aveforms. Further, the travel times themselves are usually assigned
y a human interpreter looking at the aveforms. Based on these consider
ations, one might e led to conclude that a more reasona le estimate of the
uncertainties for real data ould e closer to 1 ms than 0.3 ms. In any event,
the interpretation of the presence of a lo velocity one should e vie ed ith
some scepticism unless the smaller uncertainty level can e usti ed.
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