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ABSTRA CT
Inversetheory concernsthe problem of making inferencesabout physical sys-
tems from indirect noisy measurements. Information about the errors in the
observations is essential to solve any inverseproblem, otherwise it is impossible
to say when a feature \�ts the data." In practice, however, one seldom has a
direct estimate of the data errors. We exploit the trade-o� between data pre-
diction and model or data structure to determine both model-independent and
model-basedestimates of the noise characteristics from a single realization of
the data. Noise estimates are then used to characterize the set of reasonable
models that �t the data, for example, by intersecting prior model parameter
constraints with the set of data �tting models. This prior information can also
be used to set bounds on the bias. We illustrate our methods with synthetic
examplesof vertical seismicpro�ling and cross-well tomography.

1 INTR ODUCTION

The goal of geophysical inversion is to make quantita-
tiv e inferencesabout the Earth from a �nite number of
indirect and noisy observations. Information about the
data uncertainties is required to determine what Earth
models are consistent with the observations. In practice
the issue of data uncertainty is often ignored, with the
problem of data �tting being replaced by the optimiza-
tion of a data mis�t function. Of course, this begs the
question of when to terminate the optimization. Beyond
this, it is common to simply assert a noise variance a
priori .

With multiple realizations of the experiment, the
distribution of random 
uctuations could be directly
quanti�ed, but in geophysics this is seldom the case. If
the data are su�cien tly redundant they can be binned
so as to approximate the situation of multiple realiza-
tions (Van Wijk et al., 1998). A clever variation of this
theme exploits ray path redundancy in refraction to-
mography (Docherty, 1992). If the (binned) data are
not truly redundant it is necessaryto model their sys-
tematic variations. Thesevariations can be �rst modeled
without solving the inverseproblem. In principle the es-
timation of the data uncertainties begins with an anal-
ysis of the error budget of the experiment, along with
background noise recordings; for example see(Gouveia
& Scales,1998). The error budget for any geophysical

�eld experiment is quite complicated and also involves
many unknowns. Our goal here is to develop techniques
which, if not as objectiv e as an error budget analysis,
will be easier to apply and neverthelessprovide reason-
able results.

We proposethe following practical algorithm for es-
timating data uncertainties and checking model �ts in
geophysical inverse problems. First, we use a nonpara-
metric regressionmethod basedon Tikhono v regulariza-
tion to obtain a model-independent estimate of the data
uncertainties. These error estimates may be used to de-
termine setsof data �tting models that alsosatisfy other
prior constraints. Alternativ ely, a secondTikhono v reg-
ularization can be used to estimate an Earth model.
But without information of the data uncertainties, we
do not know if the model provides an adequate �t to
the data, and thus it cannot be regarded as a solution
of the inverse problem. However, the residuals of this
model also provide estimates of the data uncertainties
that can be compared to the model-independent esti-
mates to check goodnessof �t. Once we have a reason-
able Earth model we use prior information to construct
bias-corrected con�dence intervals for the true model.
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2 THE INVERSE PR OBLEM

In inverse theory a model is a mathematical parame-
terization of those properties of a physical system that
are required to predict the data. In the Earth sciences,
models are usually functions of spaceand are therefore
elements of an in�nite dimensional space,known as the
model space, a generic element of which we denote by
x. In contrast, an experiment always results in a �nite
number of observations d. Data prediction involvesmap-
ping elements from the model spaceinto the data space.
In addition, the data are contaminated by random er-
rors e and systematic errors s(x ):

d = g(xT ) + e + s(xT ); (1)

where g is the forward modeling operator and xT is the
true model. Among the many contributors to the un-
certainty in the data, the systematic errors consist pri-
marily of un-modeled physics and e�ects of model dis-
cretization. The random errors are, by de�nition, those
variations in the data that are not deterministically re-
producible. A practical de�nition of noise is: that part
of the data which we choosenot to �t (Scales& Snieder,
1998).

In practice, models are often approximated by dis-
cretizing to a �nite dimensional vector of parameters.
Choosing too coarsea discretization may result in dis-
cretization artifacts and a limited abilit y to �t the
data. Another, more subtle, consequenceof discretiza-
tion is that uncertainty estimates may be arti�cially
small (Stark, 1992a). In Section 5 we adopt a practical
approach by comparing the �ts of di�eren t discretiza-
tions with model-independent �ts to the data.

If the forward operator is linear, (1) reducesto

d = Ax T + e + s(x T ); (2)

where d 2 Rn , the discrete version of the true model
is x T 2 Rm , and the discretized forward operator is
A 2 Rn � m . From this point on, we ignore the system-
atic error term s(x T ), assuming the forward modeling
operator is accurate. The goal is then to �nd models that
�t the systematic variations in the data. In practice the
separation betweensystematic and random variations is
not easyto make. Certainly , if the errors in the data are
correlated and overlap the bandwidth of the data, it is
impossible to separate the noise from the signal.

If the errors e are uncorrelated and have known
statistical characteristics we could de�ne sets of data-
�tting models in a variety of ways. For example, a crite-
rion that is useful for independent, normally-distributed
errors is the normalized � 2 :

� 2 =
1
n

nX

i =1

� P
j A ij x j � di

� i

� 2

; (3)

where � i is the standard deviation of the i th datum. For
example, any model x such that � 2(x ) < 1 �ts the data
on average to one standard deviation. But in practice

how do we determine � i ? In many published examplesof
inversecalculations involving real data the issueis side-
stepped by either making a particular a priori choice
of the data errors [e.g., Scales (1987), Oldenburgh et
al.(1997)] or avoiding the problem altogether by sim-
ply optimizing the di�erence between the observed and
predicted data. Obviously the latter strategy begs the
question of when to terminate the optimization. Once
again various rules of thumb are used(e.g., 95%variance
reduction). These approaches are unsatisfactory, since
subtle, apparently inconsequential choices can lead to
misinterpretations of the data (Scales& Tenorio, 2001).
Equation (3) can be readily generalizedto lp norm mea-
sures of data mis�t. For p � 1, the lp norm is robust in
the presenceof long-tailed noise (Scaleset al., 1988).

In recent years methods such as Tikhono v regular-
ization, with the regularization parameter chosenby the
L-curv e or generalizedcrossvalidation (GCV), have be-
come popular methods (Li & Oldenburg, 1999) to �nd
stable solutions of ill-p osedinverseproblems. Estimates
of the noise variance are based on the residual sum of
squares of the �tted model. In this paper we concen-
trate on this last point: understanding the random 
uc-
tuations in the data. We use Tikhono v regularization
methods but other approaches such as truncated SVD
or conjugate gradient could also be used to regularize
the optimization process.

3 ESTIMA TING D ATA UNCER TAINTIES

Estimating the variance � i of the i th datum di means
estimating the variabilit y of di about its mean

� i = (Ax T ) i :

Let us assume that the variance is constant � 2
i = � 2 .

We consider the following two complementary ways of
estimating � 2 :

(i) Tikhono v regularization to obtain an estimate b� �

of � by minimizing

min
�

�
k� � dk2 + � kR � k2

�
; (4)

for someoperator R . The variance of the residual vector
b� � � d is used as an estimate of � 2 . This is a model-
independent estimate because it does not require the
solution of the inverseproblem. Also, sinceit is indepen-
dent of the data mapping, (4) can be applied to prob-
lems with a nonlinear forward operator. If the variance
is not constant we can use a sliding window along the
residual vector (Van Wijk et al., 1998).
(ii) Tikhono v regularization to obtain a model estimate
bx � by minimizing

min
x

�
kAx � dk2 + � kRx k2

�
: (5)

We set b� � = A bx � and estimate � 2 as in (i).
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Both methods require the selection of a regularization
operator R and a regularization parameter � . In either
(4) or (5), R is usedto damp (if R is the identit y matrix)
or penalize roughness(if R is a derivativ e operator) of
� or x . For the latter, R also has to regularize A . This
meansthat the the null spacesof R and A cannot over-
lap.

The regularization parameter � determines the
trade-o� between the data mis�t and a model or data
structure penalty term [e.g. Tikhono v & Arsenin (1977),
Green & Silverman (1994)]. The L-curv e method opti-
mizes that trade-o� as a function of the regularization
parameter � (Lawson & Hanson, 1974). On a double
logarithmic plot this curve often takes the shape of an
\L". The knee in the curve is de�ned as the optimal
� . GCV could also be used to determine � but, for the
problems we have studied, GCV tends to signi�can tly
overestimates the value of � . The minim um of the GCV
auxiliary function of � tends to be very broad, leading
to numerical instabilit y of the GCV estimate.

Good estimates of xT and � should lead, provided
there are no systematic errors, to residuals that approx-
imate the true errors e. Therefore there should not be
a substantial di�erence betweenthe model-independent
and the model-based variance estimates. But without
prior information on the errors how can we tell if an es-
timate is \go od"? This makes the argument somewhat
circular but, in the absenceof a priori information on
the noise, some assumptions must be made. These as-
sumptions may be based on the physics and the prop-
erties of the forward operator. For example, if A is the
discretization of an integral operator that smooths the
model, we expect � to be the discretization of a function
that is at least as smooth as the true model xT . In this
case a smoothness constraint on � is easier to justify .
This smoothnessalso results in estimates of � 2 that are
better than the model-based estimates. The reason is
the following. Methods lik e GCV and the L-curv e de-
termine a � that balances the bias and variance of the
regularization estimates. This results in biasesthat are
larger precisely where the model has the most interest-
ing structure (Cummins et al., 2001). The lessstructure
in the model, the smaller the bias in the variance esti-
mates.

4 SOLVING THE INVERSE PR OBLEM

Until now we have focused on estimating the variance
of random data errors. Once these uncertainties are
known, the inference problem (characterizing the range
of models that �t the data) can be tackled. Our purpose
here is not to treat the inference problem exhaustively,
but simply to illustrate several approachesthat could be
taken. A key ingredient in any inverseproblem is prior
model information. Since the data mapping operator is
not invertible, it is usually impossible to achieve �nite

uncertainty on the model parameters without prior in-
formation. In practice, prior information on the true
model may come, for example, from geologic informa-
tion on the correlation length of layering in the region or
from well-log measurements (Gouveia & Scales,1998).

4.1 Surgery

With su�cien t prior information it may be possible to
construct empirical or theoretical Bayesian probabilit y
distributions characterizing the range of feasible models
[e.g., Scales& Tenorio (2001), Gouveia & Scales(1998),
Moraes & Scales(2000)]. However, in this paper we fo-
cus on frequentist methods of inference. We use deter-
ministic prior information to reduce the range of data
�tting models. For example, following Stark (1992b) [see
also Evans & Stark (2001)], let:

d = Ax T + e:

Assuming that the noise has been characterized, as in
Section 3, we can �nd a 1� � con�dence set � 2 Rn for
the data errors; i.e.,

P [ e 2 � ] � 1 � �:

Now let D be the set of models x such that d � Ax 2
�. Thus D is the preimage of � under the action of
the forward operator. It then follows that D is a 1 � �
con�dence region for the model x T ,

P [ x T 2 D ] � 1 � �:

Now supposewe are certain that xT is in someset
C. This is an example of deterministic prior information.
Then C \ D is a 1 � � con�dence set for xT . Since
any element of C \ D might be the truth, we can try
to characterize all the models in this set|this is the
inference problem.

Conceptually this approach is straightforw ard: we
�rst �nd the set of data �tting models, then we perform
surgery on this set by intersecting it with a prior con-
straint set. This gives us a (presumably) smaller set of
models that �t the data and are a priori feasible.

4.2 Con�dence in terv als and bias corrections

The surgical approach above did not require a particular
estimated model. We now use an estimator obtained
by Tikhono v regularization to construct bias-corrected
con�dence intervals for model parameters.

To construct a con�dence interval from the value
of an estimator, we must determine the bias and vari-
ance of the estimator. An estimator can be stable to
random perturbations of the data (small variance) but
be far from the truth (biased). On the other hand, we
can have an unbiased estimator that is very sensitive to
data perturbations (large variance).
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Let A y
� be the regularized pseudo-inversefor (5) as-

sociated with a �xed � , and bx � the regularized solution

bx � = A y
� d =

�
A T A + � R T R

� � 1
A T d; (6)

where R is a regularizing operator that damps or
smooths the solution. The covariance matrix of bx � is

cov(bx � ) = A y
� cov(d) A y

�
T

: (7)

Assuming that the covariance of the data is � 2 I , the
variance of the i th model parameter is

Var [ (bx � ) i ] = � 2
�

A y
� A y

�

T
�

ii
: (8)

To construct 1 � � con�dence intervals for model pa-
rameters we use the Gaussian approximation

(bx � ) i � z�= 2 b�

r �
A y

� A y
�

T
�

ii
; (9)

where z�= 2 is the 1� �= 2 quantile of the standard Gaus-
sian distribution, b� 2 is the variance estimate obtained
in Section 3 and � is determined by the L -curve. This
interval could be shifted by a bias in the model estimate
given by

Bias(bx � ) � E ( bx � � x T ) = CR x T = B x T ; (10)

where

C = � �
�

A T A + � R T R
� � 1

R T and B = CR :

B can also be written in terms of the resolution matrix
A y

� A : B = A y
� A � I . A good resolution of the estimator

implies a small bias, and vice versa.
In general the bias cannot be computed exactly be-

cause it depends on the true model. We now discuss
some ideas on how prior information can be used to
bound the bias of model estimates [see Xu (1998) for
related work]. Such information may include bounds on
the norm and/or the smoothnessof the model. To bound
the bias just note that

jjBias(bx � )jj = jj CRx T jj � jj C jj jj Rx T j j

� jj C jj jj R jj j jxT j j ; (11)

where C and R are known matrices. We can bound the
bias with prior information on k xT k or k Rx T k. See
O'Sulliv an (1986) and Tenorio (2001) for further discus-
sions on bias assessment in more general regularization
methods.

Note that prior information on jjRx T jj may provide
signi�can tly tigh ter bounds on the bias than prior infor-
mation on jj x T jj sincewe can chooseR according to our
knowledge of x . For example, if x is known a priori to
be smooth, we may want to penalize roughnessusing a
secondderivativ e operator R to make jjRx jj small. The
bias is zero if x is in the null spaceof R .

4.2.1 Convex constraint set

In the previous section, we consideredprior information
on model norms. Now supposethat prior information on
individual model parameters is available. Each compo-
nent of the bias is a linear functional of the true model:

[ Bias(bx � ) ]i = bT
i x T ; (12)

where b i is the i th row of B . If we assumea priori that
each component of the true model belongsto an interval
C of the form

C : l i � (x T ) i � u i ; (13)

then we can �nd the maximum and minim um bias by
solving linear programming problems for each compo-
nent:

max
x T 2 C

bT
i x T ; min

x T 2 C
bT

i x T i = 1; 2; :::; m: (14)

Once we have found the vectors that solve the opti-
mization for each bias component, the values are used
to bound the bias of the estimated model parameter.
Admittedly , this will be a pessimistic estimate, but our
goal is to be conservativ e in our interpretation of the
data.

Additional prior information on the smoothness of
the model parameters can be incorporated as a con-
straint in (14), for example,

max
x T 2 C

bT
i x T with

X

j

L ij x T j < vi i = 1; 2; :::; m; (15)

for some vector of derivativ e bounds v = (vi ), where L
is a secondorder di�erence operator.

In our examples we have assumed a linear data
mapping. The con�dence interval analysis can be ap-
plied approximately to mildly nonlinear nonlinear prob-
lems (i.e., those amenableto iterativ e linearization). For
example, seeBates & Watts (1998).

5 1-D TRA VEL TIME TOMOGRAPHY

We investigate the discretized one-dimensional tomog-
raphy problem of vertical radar or seismic pro�ling
(VRP/VSP). The geometry is shown in Figure 1. A sin-
gle sourceof elastic or electromagnetic energy is on the
surface directly above a number of receivers that are
lowered into a borehole. The sourceemits a pulse of en-
ergy and the arriv al times to n receivers form the data
vector d. The model vector x consists of m layers of
equal thickness.The slowness is constant in each layer.
The travel time t along a single ray is the integral of the
local slownesss (i.e., the reciprocal of velocity v, along
the ray):

t =

Z

ra y

1
v

dl =

Z

ra y

s dl: (16)
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r2
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source
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Figure 1. Geometry of the synthetic VSP experiment. The
source is at zero o�set but for visual purp osesis drawn at a
small o�set.

The discrete forward operator is a n� m matrix A whose
element A ij is the length of the i th ray in the j th layer.
For non-zero o�sets, expression16 is nonlinear in s due
to refraction of the rays. In practice this nonlinearit y is
mild and can be overcome by iterativ e linearization.

The true model has decreasing slowness down to
a depth of 40m with an isolated high slowness zone
centered at 20m depth (see Figure 2). To simulate a
truly (piece-wise) contin uous model, the synthetic data
are computed with a 1000 layer approximation of this
model. The right side of Figure 2 shows the exact data
contaminated by uncorrelated Gaussianpseudo-random
noise of mean � = 0 ms and standard deviation � = 2
ms.

5.1 Estimating the noise variance

From here on subscripts I and L stand, respectively, for
Tikhono v estimates that use the L-curv e with the iden-
tit y or a discrete derivativ e operator as penalty matrix.
In addition, we use a variation on the L-curv e method
that uses L but is based on a plot of the logarithmic
residual as a function of log(1=� ). We denote these re-
sults with the subscript 1=� . This variation is to point
out that there are di�eren t possible quantities to inves-
tigate model structure. The nonparametric estimate of
the data uncertainty will be sub-scripted by � .

Model-basedestimates of � wereobtained using the
three regularization schemes (RI -curve, RL -curve and
R1=� -curve). Figure 3 shows a typical RL -curve for one
realization of the noisy data. Approximate 95% con�-
dence intervals for � are given in Table 1.

To get model independent estimates of the noise
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|
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Figure 3. Example of an RL -curve for the VSP data. The
optimal value of the regularization parameter � L is chosen
to be the point of maxim um curvature.

b� � b� I b� L b� 1=�

2.02 � 0.03 1.90 � 0.03 1.92 � 0.03 1.93 � 0.03

Table 1. Appro ximate 95% con�dence intervals (in ms) for
the true standard deviation � = 2:0 ms of the VSP data. The
�rst column corresponds to the model-indep endent estimate,
the others are model-based estimates from the three di�eren t
L-curv es.

variance, we apply the regularization scheme described
in equation (4) with a second di�erence regularization
operator to 100 realizations of the noisy data to �nd �
that predicts the bulk of the systematic variations in the
data and leads to the following 95% con�dence interval
for � : 2:02 � 0:03 ms.

We see that model-based estimates have a larger
bias than those from the model-independent methods,
but they are not too far o� from the true value. We
usethe model-independent estimate to approximate the
variance of each model parameter estimate with (8),
which is in turn used to construct con�dence intervals
for the model x T in Figure 4. These intervals may be
biased by nonzero terms in (10). The bias could be re-
duced by using a local cross-validation method that has
been recently developed by Cummins et al. (2001). But
we would still want to estimate the leftover bias to cor-
rect the con�dence intervals.

Note that the model variances in Figure 4 are rela-
tiv ely large near the surface and at the maximum depth
of the model. Near the surfacebx � is sensitive to the ran-
dom errors in the data, becausethere are several layers
in the model before the �rst receiver is reached; near
the bottom this is caused by poor ray coverage of the
deepest layers.
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Figure 2. The true slowness model (left) and synthetic data associated with this model (righ t). The data are contaminated
with uncorrelated noise drawn from a Gaussian distribution with � = 0 ms and � = 2 ms.
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Figure 4. 1� con�dence intervals (9) for the VSP model. Ev-
ery tenth model parameter interval is plotted. The intervals
show a trend coming from nonzero terms in the bias (10).

5.2 The bias

Figure 5 shows corrected con�dence intervals obtained
by subtracting the exact bias, as de�ned by (10), from
the model estimate cx L . The results are now consistent
with the true model. Of course, the exact bias is a func-
tion of the true unknown model, but we will show next
how to use prior information on the true model to put
bounds on the bias.

5.3 Bias corrections

First, we assumeprior information in the form of upper
and lower boundson the slownessmodel, only (in s/km):

2 > si > 0 8 i: (17)

These constraints on the model parameters are not
enough to provide bounds for the bias or to narrow the
prior bounds with the surgery approach as described
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Figure 5. Same con�dence intervals as in Figure 4 but cor-
rected by subtracting the exact bias from the estimator cxL .

in Section 4.1. A simple explanation of this is the fol-
lowing. Since there are more layers than observations
in this 1-D experiment, it is possible to have highly

uctuating slownessesin the layers between two suc-
cessive receivers and still have the average travel time
�t the data. Therefore, without additional prior infor-
mation on the smoothnessof the model, uncertainty es-
timates based on bias upper bounds cannot be smaller
than the prior bounds and are still given by (13). How-
ever, we can narrow the range of possible model pa-
rameter values that �t the data using information on
the smoothness of the true model. For this example we
used (Lx T ) i < 0:001 s=km3 for all i . In fact, this is
true everywhere, except at the discontin uit y of the high
slownessarea.

The con�dence sets (Figure 6) are the model pa-
rameter variance corrected by the minim um and max-
imum bias from expression (15). Finally , to be consis-
tent with our prior assumptions, the con�dence sets are
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Figure 6. Bias corrections for the con�dence intervals in
Figure 4. The thic k lines correspond to the original biased in-
tervals. The upper and lower limits of the thin lines are com-
puted by adding (subtracting) the upper (lower) bound of
the bias (see equation 14), intersected with the hard bounds
of (17). The bias corrections are based on prior knowledge
on the model.

m 10 20 50 100 200 300

b� I 1.92 1.87 1.87 1.89 1.90 1.89
b� L 1.91 1.86 1.90 1.90 1.92 1.89

b� 1=� 1.92 1.88 1.91 1.92 1.93 1.91

Table 2. Standard deviation estimates (ms) for the three
di�eren t L-curv es as a function of discretization for 100 re-
alizations. The true standard deviation is � = 2 ms, whereas
the nonparametric estimate b� � = 2:02 ms.

bounded by the assumedupper and lower limits as de-
�ned in (17).

5.4 Discretization E�ects

Geophysical inverseproblems di�er from parameter es-
timation problems for the simple reasonthat the models
to be estimated are in�nite dimensional. Ignoring this
fact and simply choosing an ad hoc discretization can
result in both discretization artifacts and optimistic er-
ror estimates. This issueis thoroughly explored by Stark
(1992a) who shows how to use the theory of conjugate
dualit y to put bounds on discretization errors of con-
tin uous inverse problems. We adopted a much simpler
strategy by comparing the standard deviation estimates
for up to 300 layers. Table 2 shows that the error esti-
mation is reasonably robust to discretization. By com-
paring model-independent and model-basedvariance es-
timates we seethat 10 layers are enough to explain the
variations in the data. A selection of a higher number of
layers has to be justi�ed with prior information about
the unknown Earth model.

1 2 ... 13

S1

S10

S2

169

R10

R2

R1

Figure 7. The true model and the shot/receiv er geometry of
the synthetic tomograph y problem. The \C" has a slowness
of the 0.5 s/km, whereas the background slowness is 1 s/km.

5.5 Concluding the VSP example

All proposed error estimation methods performed
within 5% of the truth, with the model-independent es-
timate being slightly superior in accuracy. The latter
does not involve model discretization, which eliminates
one more subjectiv e choice and improvesnumerical e�-
ciency. With the error estimate we compute model pa-
rameter variances. These variances, combined with bias
corrections from prior information on the true model,
lead to con�dence intervals that are in agreement with
the exact solution.

6 CR OSS-WELL TOMOGRAPHY

In the VSP example above all error estimation proce-
dures provided reasonable estimates. However, as the
next example shows, there are no guarantees that these
methods work generally.

The true model, shown with the shot/receiver ge-
ometry in Figure 7, is a 169 cell model with a C-shaped
structure centered between two boreholes. The back-
ground slownessis 1 s/km and the \C" has slowness0.5
s/km. In both, the forward operation and the inverse
calculation, we assumestraight rays, which makes this
problem linear. The exact travel times from 10 receivers
and 10 shots are contaminated by Gaussian noise with
mean zero and standard deviation � = 0:52 ms.

We can get a model-independent noise estimate
by smoothing the travel times in any parameterization
we want. The best, specially when using a roughness
penalty approach, is to useone which leads to a smooth
structure that can be easily estimated. For example, we
can apply a similar method used in the VSP example
to each of the 10 sources,and average the 10 variance
estimates. This gives the estimate b� � = 0:57 ms. If,
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Figure 8. The tra vel times ordered by shot and ray path
length. Note that the representation by path length is
smoother than the data ordered shot by shot. This has conse-
quencesfor the way we use the L-curv e on the nonparametric
error estimate.

on the other hand, we use travel time ordered by path
length, we get b� � = 0:88 ms. These two representations
of the data are depicted in Figure 8. In either casewe
have penalized roughnesswith a second derivativ e but
it is not clear that this is a reasonablecontrain t on the
� i for either of the two orders. In the VSP case, there
was a natural way of presenting the data from the shal-
low to the deep receivers. However, in this 2-D example
there is not such a an obviously natural representation
of the data. In caseslik e this, it may be better to obtain
model-independent estimates without using a roughness
penalty approach, for example, by thresholding coe�-
cients of the data in a wavelet representation (Donoho
& Johnstone, 1995).

Table 3 contains the error estimates for the di�er-
ent algorithms. Especially the RL -curve, can separate
the signal from the noise. It seemsthat penalizing the
roughnessof the model is a physically natural approach.
The RI -curve method fails since there is no \L," and
thus does not o�er an error estimate.

6.1 Concluding the tomograph y example

In this 2-D example, a representation of the data that
corresponds to a smooth representation of � is not as
apparent as in the VSP case. Finding such represen-
tation requires more physical information. Other non-
parametric regression methods can be used to obtain
noise variance estimates that do not implicitly depend
on roughnesscontrain ts [ e.g.,Green & Silverman (1994)
]. We have not done this here. However, penalizing the
roughnessof the model as in the RL -curve seemsnatu-
ral and provides an accurate estimate of the noise.

In this example we merely want to tackle the error
estimation procedure. An analog analysis to the VSP

� b� I b� L b� 1=� b� �

0.52 { 0.50 0.62 0.88

Table 3. Estimates of the noise standard deviation (in ms)
from the three algorithms for a cross-well tomograph y prob-
lem.

problem on the con�dence intervals on the model pa-
rameters could be performed as well.

7 CONCLUSIONS AND DISCUSSION

In geophysics we are often faced with the challenge of
estimating Earth model parameters given a single set of
noisy observations, without information on the noise.At
some point we must make subjectiv e choices, in order
to proceedquantitativ ely. Thesechoicescan be made on
the model x T or on the mapped model � = Ax T , but,
depending on the type of forward operator, smoothness
assumptions may be easier to justify , or may be less
compromising, for � .

We have used the L-curv e to obtain regularized es-
timates of � and x T . It stands to reason that `good'
estimates of each should lead to residuals with simi-
lar characteristics. A comparison of these residuals can
therefore be used as a goodnessof �t check.

The L-curv e can often tell us when signi�can tly
more structure is neededto improve the data prediction.
but there are no guaranteesthat the L-curv e method, or
any other method, will always work with a given regu-
larization operator. We suggestedsomevariations of the
L-curv e methods with similar trade-o�s between model
structure and data prediction.

The methods that we have proposed,although only
demonstrated with uncorrelated noise, should be appli-
cable to correlated noise as well, provided the band-
width of the noise does not overlap the bandwidth of
the data.

Once the noisevariance has beenestimated one can
determine the stabilit y of the estimator via the calcula-
tion of the model covariance matrix. However, to fully
assessthe model uncertainties we must also estimate the
bias. Since the bias dependson the true model, in prac-
tice we can only put bounds on the bias using a priori
bounds on the true model. We have shown exampleson
how this can be done in practice.
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